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Abstract. We show that relativistic dynamics can be approached without using 
conservation laws (conservation of momentum, of energy and of the centre of mass). 
Our approach avoids collisions that are not easy to teach without mnemonic aids. The 
derivations are based on the principle of relativity and on its direct consequence, the 
addition law of relativistic velocities. 
 
 1. Introduction 
 Classical dynamics teaches us that a particle with mass 0m  moving with 
velocity u  has a momentum p  
 up 0m=         (1) 
and a kinetic energy 
 202
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Einstein’s dynamics teaches us that the momentum of a particle is 
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whereas its kinetic energy is 
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where as we see 0m  represents the same Newtonian mass, relativists calling it 
rest mass, which accounts for the inertia of the particle at the moment when 
its acceleration starts from a state of rest. Relativists also introduce the 
concept of relativistic mass 
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of rest energy 
 200 cmE =         (6) 
and of relativistic energy 
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The art of the one teaching the relativistic dynamics consists in offering a 
justification for (3),(4),(5) and (6) which have a very good experimental 
confirmation. The job is done in different ways: 
(1) Requiring momentum conservation in all inertial reference frames for 
collisions1,2,3,4,5,6,7,8,9,10,11. However, teaching relativistic dynamics by this way 
without mnemonic aids is not an easy task. 
(2) Involving plane electromagnetic waves or photons in the derivations. 
Classical electrodynamics teaches us that that a plane electromagnetic wave 
carries energy E  and momentum p related by 
 cp 2c
E= .        (8) 
In Einstein’s thought experiment, a body at rest in a given inertial reference 
frame simultaneously emits a plane electromagnetic wave of energy 
2
E
 at an 
angle φ  with the OX axis and another plane electromagnetic wave of equal 
energy in the opposite direction12. A similar approach is followed by other 
authors13,14. 
(3) As a result of guesswork or genial intuition, Einstein replaced the classical 
expression of the momentum  
 
dt
dxmp 0=         (9) 
with 
 τd
dxmp 0=         (10) 
where τd  represents the proper (or “wristwatch” time). Because in 
accordance with the time dilation effect 
 
2
2
1
c
u
ddt
−
= τ         (11) 
the relativistic momentum becomes 
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If an alert student would ask why we do that, it is not easy to find out a 
satisfactory answer15,16. 
(4) Many papers are devoted to the derivation of the mass-energy equivalence. 
The derivations involve the concept of force and the work energy 
theorem17,18,19. 
(5) Using the four vectors approach. It operates with the concept of proper 
time and proper mass. As we will show later on, the approach we propose leads 
in a natural way to the components of a four vector20,21. 
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The derivation of (5) does not involve conservation laws. Tsai22 derives it 
considering a thought experiment using a balance whose arm length can be 
varied in order to prove that both inertial masses of a moving body obey the 
relationship (5) within the scope of the special theory of relativity. The 
derivation involves the first principle (a balance in equilibrium in a given 
inertial reference frame is in the same state in all other inertial reference 
frames) and the composition law of relativistic velocities. Equation (5) is also 
the consequence of a Bucherer type experiment, putting in accordance the 
experimental results with the expected results on the basis of classical 
dynamics23. 
  
 
 The inertial reference frames we involve are K(XOY) and K’(X’O’Y’). The 
corresponding axes of the two reference frames are parallel to each other and 
the OX(O’X’) are common. At the origin of time in the two frames ( 0=′= tt ) 
the origins O and O’ are located at the same point in space. Reference frame 
K’ moves with constant velocity V in the positive direction of the common axes. 
Consider a particle that moves with velocity ),( yx uuu relative to K and with 
velocity ),( yx uu ′′′u relative to K’. At 0=′= tt  the particle goes through the point 
where the origins O and O’ of the two frames are located. When detected from 
K the particle moves along a direction that makes an angle θ  with the positive 
direction of the OX axis given by 
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The same angle detected from K’ is θ ′  given by 
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Relativistic kinematics teaches us that the components of u  and u′  are related 
by 
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the magnitudes of the velocities being related by 
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Equations (15) and (16) represent the addition law of relativistic velocities and 
are usually derived using the Lorentz-Einstein transformations for the space-
time coordinates of the same event24. We can derive them even without using 
the Lorentz-Einstein transformations.25,26,27,28  The angles θ  and θ ′  are related 
by    
 
u
Vcos
sinc/V1tan
22
′+′
′−=
θ
θθ       (18) 
 
The inverse transformation can be obtained by changing in the equations 
derived above the corresponding primed physical quantities with un-primed 
ones and changing the sign of V. Equations (15) and (16) enable us to construct 
the following relativistic identities 
 )1()/1()/1()/1( 2
2/1222/1222/122
c
uVcVcucu x
′+−′−=− −−−   (19) 
  
 )()/1()/1()/1( 2/1222/1222/122 VucVcucuu xx +′−′−=− −−−  (20) 
 
 2/1222/122 )/1()/1( −− ′−′=− cuucuu yy .    (21) 
In our derivations we will exploit the fact that (19),(20) and (21) remain 
identities if we multiply both their sides by an invariant physical quantity 
(proper time, proper mass). 
 The purpose of our paper is to show that the relativistic dynamics 
could be approached without using conservation of momentum, of 
relativistic mass (energy) or of the centre of mass but by using instead the 
composition law of relativistic velocities. 
 
 2. Relativistic dynamics without conservation laws 
 2.1 Mimicking classical dynamics 
 When detected from K the particle we have mentioned above has the 
momentum ),( yx ppp  whose components are 
 xx mup =         (22) 
 yy mup = .        (23) 
Detected from K’ the momentum is ),( yx pp ′′′p  having the components 
 xx ump ′′=′         (24) 
 yy ump ′′=′ .        (25) 
in accordance with the first postulate.  
 In classical dynamics we consider mm ′= . Combining (22) and (24) we 
obtain 
 mVp
u
upp x
x
x
xx +′=′′=       (26) 
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where we have used the classical composition law of velocities. We extend the 
same procedure to the case of relativistic dynamics. Combining (22) and (24) 
we obtain 
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where we have taken into account the addition law of relativistic velocities 
(15). Linearity suggests considering that we should have 
 ))(()/1()( mVpVFuVpVFp xxxx ′+′′=′+′′=    (28) 
and 
 )/)(()/1()( 22 cpVmVFcuVmVFm xx ′+′′=′+′′=    (29) 
In a similar way we obtain 
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suggesting that we should have 
 )/1()( xxx uVpVFp −=       (31) 
 )/1()( 2cVumVFm x−=′       (32) 
F(V) and F’(V) representing unknown functions of the relative velocity V but 
not of the physical quantities involved in the transformation process.  
 Consider (29) in the particular case when 0=′xu . Under such conditions 
observers from K’ measure its rest mass 0m  observers from K measuring its 
mass 0=′xum given by 
 00 )( mVFm xu ′==′ .       (33) 
Consider (32) in the particular case when 0=xu . Under such conditions the 
particle is at rest in K , observers of that frame measure its rest mass,   
observers from K’ measuring its mass 0=′ xum  given by 
 00 )( mVFm xu =′ = .                                                                (34) 
The first principle requires that 00 =′ ′== xx uu mm  and so we have 
 )()( VFVF ′= .        (35) 
Multiplying (29) and (32) side by side we obtain taking into account (35) 
 )/1)(/1)((1 222 cVucuVVF xx −′+= .     (36) 
Expressing the right hand side of (36) as a function of xu  or as a function of xu′  
only via the addition law of relativistic velocities simple algebra leads to 
 γ=−=′= − 2/122 )/1()()( cVVFVF      (37) 
and so we obtain the transformation equations 
 )()/1( mVpuVpp xxxx ′+=′+′= γγ      (38) 
 )/()/1( 22 cpVmcuVmm xx ′+′=′+′= γγ .    (39) 
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We obtain the transformation equation for the OY(O’Y’) component of the 
momentum starting with (23) and expressing its right hand side as a function of 
physical quantities measured from  K’ 
 yyyy pummup ′=′′== .      (40) 
 As we see, the OY(O’Y’) component of the momentum is a relativistic 
invariant. 
 The magnitude of the momentum transforms as 
 222 )( yx pmVpp ′+′+′= γ .      (41) 
If the particle is at rest in K’ ( )0,0 =′=′ yx pp  observers from K’ measure its rest 
mass 0m , (40) leading to 
 Vp 0mγ=         (42) 
relativists calling p  relativistic momentum of a particle with rest mass m0 
moving with velocity V. Under the same condition (40) leads to the expression 
for the relativistic mass 
 0mm γ=         (43) 
of a particle with rest mass 0m  moving with speed V. 
 2.2 Involving relativistic identities and the concept of invariant rest 
mass 0m  
 We start with the relativistic identities (19),(20) and (21), derived 
above, multiplying both theirs sides with 0m . The result is 
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Equations (44),(45) and (46) are genuine transformation equations per se. 
Physicists, as well trained godfathers, find out names for the physical 
quantities in the brackets, in concordance with theirs physical dimensions, and 
recover the transformation equations derived above. 
 2.3 Involving (5) derived without conservation laws 
 The relativistic mass of the particle, detected by observers from K is 
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In accordance with the first postulate, the relativistic mass of the same 
particle, as detected from K’ is 
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Eliminating 0m  between (47) and (48) and taking into account (17) we obtain 
that m and m’ are related by 
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We detect in the right side of (48) the presence of the term 
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It has the physical dimensions of relativistic momentum and relativists call it 
the O’X’ component of the momentum. Detected from K it is 
 
22
0
/1 cu
ummup xxx −
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Eliminating m0 between (49) and (50) we recover (38). 
 
 3. Introducing the concept of relativistic energy and putting the ban 
on the concept of relativistic mass 
 We start with the obvious identity 
 1/)/1()/1( 222/1222/122 =−−− −− cucucu .     (52) 
Multiplying both its sides with 420cm it becomes the relativistic identity 
 420
2/12222
0
2/12242
0 )/1()/1( cmcucmcucm =′−−− −− .  (53) 
We recognise that the term 
 22/122220 )1( pcuum =− −−       (54) 
represents the square of the momentum in K. But what is the physical meaning 
of the first term. We see that it has the physical dimensions of energy and 
presenting it as 
 2
2
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)1( mcumcmcucmE =⋅⋅⋅++=−= −−    (55) 
it contains in its power development the classical kinetic energy. Relativists 
call it relativistic energy E, a generally accepted concept. With the new 
notations (53) becomes 
 220
2222 cmppcE yx =−−− .      (56) 
Equation (56) represents an invariant combination between the momentum and 
the energy of the same particle.  
 
 Expressed as a function of the energy the OX(O’X’) component of the 
momentum transforms as (38) 
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Multiplying both sides of (49) with c2 we obtain the transformation equation for 
energy 
 
221 cV
pVEE x
−
′+′= .       (58) 
If the particle is at rest in K’ , observers of that frame measure its rest energy 
 200 cmE =         (59) 
Whereas observers from K measure its energy 
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because the particle moves relative to them with speed V. 
 The single supplementary energy a free electron can possess is its 
kinetic energy T that should equate the difference between its energy E and its 
rest energy i.e. 
 ⎟⎟⎠
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−
=−= 1
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In the reference frame relative to which the electron moves with speed V. 
 The result is that we can put the ban on the concept of relativistic 
mass29 characterizing a particle by its rest mass m0, by its rest energy E0, by its 
energy E and by its momentum 
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of course in the reference frame relative to which it moves with speed u. 
There are authors who defend the concept of relativistic mass30, others having 
a conciliatory attitude31. 
 Presenting (55) as 
 mcE ∆=∆ 2         (63) 
it accounts for Einstein’s mass-energy equivalence, telling us that a change of 
the mass of a particle is accompanied by a change in its energy and vice 
versa32. 
 
 4. The four vector approach 
 The particle we have considered so far generates after a given time of 
motion the event )/,sin,cos( urtryrxM === θθ , x and y representing the 
Cartesian space coordinates, 22 yxr += , and θ  the polar coordinates and 
urt /=  the time coordinate. A clock commoving with the particle measures the 
invariant proper time interval τ  related to t by the time dilation formula 
 
2
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−
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taking into account that at the origin of time the particle was located at the 
origin O. Starting with the identity (52) and multiplying both its sides with 
22τc it leads to 
 2222
22
22
22
/1/1
τττ c
cu
u
cu
c =−−−      (65) 
or in a three space dimensions approach 
 2222222 τczyxtc =−−−       (66) 
which establishes a reference frame independent relationship between the 
space-time coordinates of event M. Relativistic kinematics teaches us that the 
identity is satisfied if the space-time coordinates of the same event in K and in 
K’ are related by the Lorentz-Einstein transformations 
 
22 /1 cV
tVxx
−
′+′=        (67) 
 yy ′=          (68) 
 zz ′=          (69) 
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 Multiplying both sides of (52) with the rest mass of the particle 0m  it 
becomes 
 2022
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Finding out names for the physical quantities in the brackets in accordance 
with theirs physical dimensions we can present (71) as 
 220
22222 )( cmpppcm zyx =++− −      (72) 
or as 
 420
222242 )( cmpppccm zyx =−−− .     (73) 
Equations (67)-(70) enable us to define a position four vector R(x,y,z,ct) in K 
and R’(x’,y’,z’,ct’) in K’, taking into account the definition  of a four vector as 
any quantity of four components which transform under a Lorentz 
transformation like the four components of the space time coordinates of an 
event do. Because 2mcE =  has the physical dimensions of energy we can 
present (73) as 
 20
22222 )( EpppcE zyx =++−       (74) 
The algebraic structure of (72) suggests considering that m should transform as 
the time coordinate does i.e. 
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The components of the momentum transform as 
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 yy pp ′=         (78) 
and 
 zz pp ′= .        (79) 
We can define the momentum four vector as )/,,,( cEppp zyxP  in the K 
reference frame. 
 Our approach to the concept of momentum four vector is 
straightforward and no less transparent then the usual approach which 
performs successive derivations of the space-time coordinates of an event with 
respect to the proper time interval. 
 
 5. Involving the photon 
 As we have mentioned above, many relativistic dynamics derivations 
involve the photon, a particle that exists only moving with the invariant 
velocity c. Electrodynamics teaches us, without involving special relativity, 
that an electromagnetic wave, propagating in empty space, carries energy E 
and momentum cp 2c
E= . Let N be the invariant number of photons which carry 
the energy E. The result is that a single photon carries energy Eph and a 
momentum pph related by 
 
c
E
p phph =  .        (80) 
 Einstein expresses the energy of a photon as 
 νhEph =         (81) 
and its momentum as 
 
c
hpph
ν=         (82) 
ν  representing the frequency of the electromagnetic oscillations taking place 
in the electromagnetic wave to which we attach the photon. The invariance of 
c tells us that in special relativity, energy and momentum transform via the 
same transformation factor Dc i.e. 
 phcph pDp ′=          (83) 
and 
 phcph EDE ′= .        (84) 
 Consider that a source S’ at rest in K’ and located at its origin O’ emits a 
bullet with velocity xu′  at t’=0 and a light signal under the same conditions, 
both in the positive direction of the common OX(O’X’) axes. We present in  
Table 1 the transformation equations that relate the physical quantities 
introduced in order to describe the motion of the bullet (tardyon) and of the 
photon in K and in K’ respectively. 
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Table 1. 
 
As we see, the transformation factors that perform the transformation in the 
case of the photon are the limits for u’=c of the factors that perform the 
transformation in the case of the tardyon. 
 Considering an acoustic wave detected from K and from K’ respectively, 
propagating in the positive direction of the common axes. Moller33 establishes 
that the frequencies of the mechanical oscillations taking place in the wave in 
the two frames, ν  and ν ′  respectively are related by 
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u’ representing the propagation velocity of the wave, as detected from K’. In 
the case of an electromagnetic wave (85) becomes 
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equations (83) and (84) becoming 
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We can also consider that u′ in (85) represents the velocity of bullets 
successively emitted at a constant frequency ν in K and ν ′  in K’. If we 
postulate that special relativity ensures a smooth transition from the 
equations that describe the behaviour of a tardyon to the behaviour of a 
photon we could consider, taking into account (85), that the energy of a 
tardyon should transform as 
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We detect in the right side of (89) the presence of the term 
 2/ cuEpx ′′=′         (90) 
that reads in K’ 
 2/ cEupx =         (91) 
having the expected limits for cuu =′=  and the physical dimensions of 
momentum. 
 Combining (90) and (91) we obtain 
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all the results being obtained without using conservation laws. 
 
 Conclusions 
 We have presented an approach to relativistic dynamics that avoids 
conservation laws (conservation of momentum, conservation of relativistic 
mass (energy) and conservation of the centre of mass) and collisions, which are 
not easy to teach at the blackboard without using mnemonic aids. Our 
approach also avoids the concept of force and the kinetic energy theorem. It 
implies a single scenario (a particle that moves along a given direction with the 
common OX(O’X’) axes and avoids ad-hoc  assumptions at different points of 
the derivation.  
 Evaluating the outcome of a lecture we should take into account the 
time invested and the understanding achieved. We consider that our approach 
satisfies both conditions. 
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